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General Instructions Section I Multiple Choice
* 10 marks
= Reading time — 10 minutes = Attempt all questions.
=  Working time — 2 hours = Answer Sheet provided
*  Write using black pen = Allow about 15 minutes for this section
= Write your student number on the
front of every booklet. Section II Free Response
* In Questions 11 to 14 show = 60 marks
relevant mathematical reasoning = Start a separate booklet for each
and/or calculations. question.
»= NESA approved calculators may = Each question is of equal value.
be used. = All necessary working should be shown
=  Weighting:30% in every question.
* Allow about I hour and 45 minutes for
this section.




Section I

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 — 10.

1. Which of the following parametric equations represents a circle that passes through the origin?

A. x =3+3cos0, y =4 +3sind
B. x =3+4cos0, y =4 +4sind
C. x =3+5co0s0, y =4 +5sin0

D. x =3+7cos0, y =4+7sin0

2. The vector u has a magnitude of 6 units and makes an angle of 135° with the horizontal.

Which of the following is vector u ?

A 3Li+3dy

B 320 +382
C  2Bi+2d;
D 2Bi+28B

3. Which one of the following is not a Bernoulli random variable?
A. The number of P’s when a letter is chosen at random from the word PINEAPPLE.
B. The number of vowels when a when a letter is chosen at random from the word MATHS.
C. The number of heads when a fair coin is tossed twice.

D. The number of 6’s when a fair die is rolled once.



. The derivative of y = cos_1[2f(x)] is :

A.

. The diagram shows a trapezium OPQR.
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6. A solid of revolution is to be formed by rotating the area enclosed by the function y = e*,

the line y = e , and the y-axis about the y-axis.

DR —

Which of the following would give the volume of the solid of revolution?

22

A V=n| (nx) dx
70
.2
2x
B V =n d
Yo
re

7. If f ! S dx = T , what is the value of £?
0o 4+x 6



8. How many solutions does the equation sin 4x — sin 2x = 0 have for 0 < x < 2m?

9. A differential equation is given to be Z—y = Lz
X x

Which of the following best represents the direction field of the differential equation?
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10. In NSW in 2021 approximately 70,000 students started school in kindergarten. 80% of
these students could already write their name. If random samples of 20 kindergarten
A

students were selected, what would be the shape of the sampling distribution of p - the
proportion of children who can already write their name?

A. Positively skewed
B. Negatively skewed
C. Approximately normal

D. Uniform

End of Multiple Choice



Section 1T

60 marks - Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11: Use new writing book for this question 15 marks

<5 3

a) Solve
X+

b) There are 26 different time periods in which classes at a high school can be scheduled.
If 508 classes need to be scheduled next term, what is the minimum number of different

rooms needed to accommodate all classes? 1

12
c)  Find the term independent of x in the expansion of (3x2 — l) 3
X

d) A polynomial P(x) has a remainder of 2x + 1 when divided by X’ = 5x+6.

What is the remainder when P(x) is divided by x — 3 ? 2
e) Solve \/Ecos(x+%j+ 2cos(x—%j:1 for -x<x<nx& 3
f) A group of 10 people arrive to eat at a restaurant. The only seating available for them is

at two circular tables, one that seats six people and another that seats four. Assuming
that the seating arrangement is random, what is the probability that a particular couple

will be seated at the same table? (The couple do not have to sit next to each other). 3

End of Question 11



Question 12: Use new writing book for this question 15 marks

a)  Explain why the statement 2 +4 +... +2n = n(n — 1) +2, for n = 1 cannot be proved

by mathematical induction. Support your explanation with working. 2

1
|, 7=
b)  Evaluate ——dx 2
04— 4x’
-6 a+1 ) )
c) Thevectors p = a and g = 7 are parallel. Find the possible values of a. 2
d)  The graph of V =/ (%) is shown.
y
(-2.5)
X
; (2,0)
( 3 2 0 ) ( 1 , _1 )
Draw the graph of y = |f( |x]| )| 3
e) The random variable X has a binomial distribution with parameters n=50 and p=0.3.
(1) Find the standard deviation. 1
(i1) Find the probability that X is equal to the mean of the distribution. 2
f) Solve the differential equation j—y = y3 for y, given whenx = 0,y = 1.
X
Give your answer in the form y = f(x) . 3

End of Question 12



Question 13: Use new writing book for this question

Tomatoes are considered to be either determinate or indeterminate.

Mario buys tomatoes from his local store where the tomatoes are twice as likely to be

sourced from Farm A than Farm B.

It is known that 60% of Farm A’s tomatoes are determinate while 70% of Farm B’s

15 marks

tomatoes are determinate. Mario cannot tell the difference between these tomatoes from

their appearance.

(1) Show that the probability that a randomly selected tomato is determinate is 19/30. 1
(i1) Mario buys ten tomatoes. Find the probability, correct to two decimal places,
that no more than eight of these are determinate. 2
(ii1) Mario buys 33 tomatoes to make a batch of tomato paste and knows from his
grandmother that at least 55% of the tomatoes should be determinate to
achieve a fine paste.
By using a normal approximation to the sample proportion, determine the
approximate probability that the tomato paste produced will be considered fine.
3
Table of Standard Normal Probabilities
Table entry for z is the area under the standard normal curve to the left of z
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Question 13 continues on next page



Question 13 continued

b)

d)

Solve the equation sin 8 + cos 8 =% for [0,2m]. Answer in radians to three decimal

places.

2 0 )
Suppose u = (1), v = (3) and 0 is the acute angle between them.

) 4 .
Show that the exact value of sin20 is — . Give clear reasoning for your answer.

The diagram below shows part of the curve y = 2cosx — 1. The curve intersects the x-

axis at the point (g,o) . The shaded region is enclosed by the curve and the coordinate

axes.

Determine the volume of the solid formed when the shaded region is rotated 360°
about the x-axis.

End of Question 13

10



Question 14: Use new writing book for this question 15 Marks

a)  Use mathematical induction to prove that 8" — 5" is a multiple of 3 for all positive
integers n. 3

b)  Find the exact value of cos (tan_1 (-3)) 2

c) A 500 L tank contains 200 L of brine (salt in water) with 50 kg of salt dissolved.
Pure water is pumped into the tank at 20 L/min. At the same time, the perfectly mixed

brine in the tank is pumped out of the tank at 15 L/min.

(1) Explain why the amount of salt m kg in the tank after # minutes can be modelled
by the differential equation dm - _3m 1
dt 40+t
(i1))  Hence, find m as a function of z. 3

(iii)  How many kilograms of salt is in the tank when it begins to overfill?

Give your answer correct to one decimal place. 2

f(x) = tan” [ex_z—e—x} and let g(x) = tan”' (¢")
d) Let .

(i)  Show that / '(*) = 2g'(x) 3

(ii)  Hence or otherwise, express f(X) in terms of &(x) 1

End of Examination

11



2022 Year 12 Mathematics Extension 1 Trial solutions

Q Solution Answer
1 Option C: C
x =3+5cos® = cosO = xg_3
y=4+5sin0 = sind =y_T4
2 2
sin>0 +cos 0 = (x ;53) + v ;54)
2 2
G- -4
25 25
2 2
x=-3)+(p-4) =25
centre: (3,4), radius: 5
The centre is ~3° +4° = 5 units away from the origin, so the origin
lies on the circumference.
2 B
&
8
135°
45X |B
adj
45 = —=
cos o
adj = 6cos 45 = o6 _ 3J2—
N3
. opp
45 = —
sin 6
opp = 6sin 45 -5 3J2_
L
u=-3Li+3L;
3 The number of heads when a fair coin is tossed twice. C




letu = 2f(x)

du .,
=)
dy 1

du N1 o
dy _ 2f '(x)

sy




sin 4x = sin 2x
Solving graphically — 9 points of intersection

v . -
Point of Intersectio Point of Intersection

Point of Intersection & J

R

Point of Intersection

(0]

S

Point of Intersection

Point of Intersection

Point of Intersection \ (m,0) [ (2m,0)
(0,0) Point of Intersection
s 5 Point of Intersection
=2 (_T[ S5 j I 143
¥ © [T’ T]
9 y_ Y B
dx x*
Denominator is always positive. Therefore gradient is positive where y>0
(Q1 and Q2) and negative where y<0 (Q3 and Q4)> B
10 np =20 x 0.8 =16 B
ng=20x 02 =4
As ng<5 the distribution is not approximately normal. As p=0.8 the peak will
be to the right and the distribution is negatively skewed.
Q Solution Marks
11a X 5 3 marks
x+1
x # -1 1st mark for
2 finding both
x(r+l) = S+ 1)2 critical values
0<5x+1) —x(x+1)
0< (x+1)(5x+5-x) 2n.d mark for
using
0 =< (x+1)(4x+3) substitution to

\ (~1.25,0) (—1.0)

test regions or
using graph of
parabola

3rd mark for
excluding x=-1
from solution




5
< —>orx = -1
X 40rx

butx # -1

wx < —%Orx > -]

Alternative method:

X
x+1

<S5

Consider the equation:

x+1_5
x=5x+5
4x = -5
5
YTy

Critical values are -5/4 and -1.

Substitute values in each region, e.g.
Whenx = -2, LHS = 2 % < 5 true

2+1
-1.1
Whenx =-1.1, LHS = =11 < 5 false
-1.1+1
0

Whenx =0, LHS =——=0 < 5 true

0+1

5
< —— > -1
X 1 orx
11b 508 1 mark
—=19.53...
26
Therefore a minimum of 20 rooms is needed
11c > 1 12 3 marks

general term of | 3x™ — —

. 1*mark for

- correct
- 12Ck(3x2)k( —x T e::pressionlfor

the genera
k 2k 12—k k-12

= 12Ck 37 x7 (-1 X term
_ k 12—k 3k-12
= PCG3T (D * 2" mark for

For independent term, 3k — 12 =0 = k=4

= 12¢, 3* -1)° = 40095

determining
correct value of
k




34 mark for
evaluating the
constant term

11d The polynomial can be written in the form: 2 marks
Px)=(x-3)(x-2)0(x)+2x +1
15t mark for
The remainder is P(3): expressing P(x)
as
P(3)=0+2(3)+1 (x-3)(x-2)*Q(x)
r=717 + (2x+1)
2" mark for
Alternative method: substitution of
Px)=(x-3)(x-2)0(x)+2x +1 x=3
P(x 2x +1
P (- 2)00)+
-3 x -3
— (x - 2)0() 128, T
x—-3 x-3
= (x - 2)0(x) +2 +—L
x J—
So the remainder is 7
11e 3 marks

J2_c0s(x +%)+ 2 cos(x — %)= 1

J2_ [JLEcosx JESMJ +J— [Ism +Tcosxj =1
cosx — sinx +sinx +cosx = 1
2cosx = 1
cosx =l
2
X = +2
3

Alternative method:

JZ_cos(x +%)+ 2 cos(x —§)= 1
cos(x wLE)Jrcos(x—E)ZL
4 4 o)

2cosxcos§ L (sum to product)
2
1 1
2cosx X ——==—F4
)
cosx = 1
2

1% mark for
simplifying the
LHS using
trigonometric
identities

2" mark for
obtaining a
solution to the
resulting
equation

3" mark for all
solutions




11f

P(sitting at same table)

= P(both at the 6-seater) + P(both at the 4-seater)
6 5 4 3

=— X —+— X =
10 9 10 9
7
15
Table 1
5/9
Table 1 4/9 Table 2
6/10
6/9 Table 1
4/10 Table 2
3/9

Table 2

Alternative method:

total number of arrangements is =

[no. of ways to split 10 people into 6 and 4]

X [no. of ways to arrange 6 people in a circle]
X [no. of ways to arrange 4 people in a circle]

10
=(6)><5!><3!=151200

Number of arrangements where the couple is seated at Table 1 (the 6-
seater) is:

[no. of ways to select 4 people to join them] X

X [no. of ways to arrange 6 people in a circle]
X [no. of ways to arrange 4 people in a circle]

8
- (4) % 51 x 31 = 50400

Number of arrangements where the couple is seated at Table 2 (the 4-
seater) is:

[no. of ways to select 2 people to join them] X

X [no. of ways to arrange 6 people in a circle]
X [no. of ways to arrange 4 people in a circle]

8
=(2)><5!><3!=20160

3 marks for
correct solution

2 marks for
correctly
finding the total
number of
arrangements
or equivalent
merit, and
consideration
of separate
cases (both at
Table 1 or both
at Table 2)

1 mark for
correctly
arranging
people in two
circles (5!3!)

or

1 mark for
correct use of
nCk to select a
group of 6 or 4,
or equivalent
merit




50400420160 _ 70560 _ 7
Therefore, P(couple at same table) = = =—
151200 151200 15

Alternative method:

The 10 people are split up into a group of 6 and 4.
Total no. of combinations = (160) =210

No. of combinations where the couple is in the group of 6
= no. of ways to choose 4 people to join them = (2) =70

No. of combinations where the couple is in the group of 4
= no. of ways to choose 2 people to join them = (2) = 28

70 + 28 7
P(couple at same table) = 0 - 15

12a

Testn=1
LHS=2 RHS=2
therefore true forn=1

assume n =k is true

244+ +2k=k(k—1)+2 k>1
Testifitistrueforn=k+1
24+4+--+2k+2k+1)=k(k+1)+2
LHS =k(k—1)+2+4+2(k+1)
=k*+k+4

RHS = k?+k+2

LHS # RHS

hence the claim is not true for n = k+ 1 so fails at the inductive step.

Students who showed that the statement failed forn =2 or n = 3 were

awarded the marks. However, this is not how the question was intended.

1 mark for
testingn=1

1 mark for
proving LHS
does not equal
RHS and
explaining it
fails at this
step.

NOTE: Must
have the
correct
working.
Students who
did not have
the correct
working were
penalised.




12b

(2 1 J 2 marks for
Jo 5 x correct working
4-4x and solution.
1
Y W
Jo da(1 - x%)
1
5 1 mark for
= lf 1 dx factoring out
2Jy 1—x° the 4 and
1 1 1 multiplying the
—Zsin' 2 - Zsint o integral by 7.
2 2
1 i
—r— X —_—
2 6
-
12
12c Method 1 1 mark for
p=2\q correct working
-6itaj=Aa+1)i—TAj
c:= _7 - 1 mark for
correct
- _4 solutions of a
7
-6 =Aa+1)
6= -Za+1)
7
42 = a2 +a
a’+a-42=0

(a+7)(a-6)=0
a=-7Tora=6




Method 2
gradients must be equal
a+1 _ g
-7 a
a’+a—42=0
(a+7)(a—6)=0
a=-7Tora=6
12d
3 marks for
correct
solution.
2 marks for
applying both
transformations
(-1.. 1) (1_.. 1) 1 mark for
: locating
coordinates
(-2, 0) (2,0)




12ei standard deviation = JSO X 0.3 x 0.7 1 mark
=324
12eii | mean= 50 x 0.3 1 mark for the
=15 mean
_ _ 50 15 35
P(X =15) C, x 03 x 0.7 1 mark for the
=0.12 final answer
12f dy 3 3 marks for
dx Y correct working
y 3dy — 1 dx and solution.
12—x+C 2 marks for
-2y correct Cvalue
1 and correct
-=—=0+C expression for y
squared.
1
cT - 2 1 mark for
1 1 correct Cvalue
o 1-2x
2 _ 1
YT T 2x
y=; simcex =0 y=1
J1 —2x
13ai % % 0.6 +% % 0.7 = % 1marlf[forI )
correct solution
13a(ii) P(X < 8) =1- P(X = 9) — P(X = 10) 2 marks for
_1_ g, (2)9 (£)1 ey, (Q)lo (&)0 correct solution
30 30 30 30 1 mark for
=0.93 writing
expression for
P(X <8)
13a(iii) | Method 1: 3 marks for

Let p be the random variable representing the sample proportion of

determinate tomatoes.

19

E(ﬁ)=P=%

19 11
Standard deviation (p) = ,/p(ln_p) = 303230 - \Iz;zo

correct solution
2 marks for z

score

1 mark for std
dev




19

X 0.55 -2
P(p > 0.55):13 22 30| - piz = -0.993)
19
2700
— 1-0.1611 (from table)
~ 0.8389
Method 2:
EX)=np=33 x 22=2009
30
o(X) =\/33 x 195 1L o 5768
30 30
33 x 55% = 18.15
P(X = 18.15) =P(z > M)=P(z > -0.99)
2.768

continues the same as in Method 1

Marker’s comments:
e Some students mixed values required to calculate z score (e.qg.
used standard deviation from method 1 but mean from
method 2)

13b

Auxiliary Angle method:

r=2

tana = 1 =

o
sinB + cos6 = \/5 sin(ﬂ + %)

T 1 1 1 T T i1
0+—=m—-sin | —|,2m+sin | —|,— < 0+—< 2+ —

4 [zﬁj [25} 4 4 4
) +%= 2.7802..., 6.6445...

0 = 1.995, 5.859
sin® + cosO = \/5 cos(@ - %) would also work for this method

t formulae method:

3 marks for
correct solution

2 marks for
writing in
auxiliary angle
form

2 marks for
correct values
of t

1 mark for
finding ror a
1 mark for
obtaining
correct t
expression

1 mark for
sin2th=-3/4




2 2
Sind + cosh = 2t 1=t _1+2t—1¢

1+ 1+ 1+
1+2t—t2:l
1+ ¢ 2
312 41-1=0
T EN ]
6 3
8 _an| 2597] 5 9= 1905
2 3
%=n—tan'1 %7‘ = 0 =5.859

Check that © = 1 is not a solution:

sint + cost =0+ (-1)=-1 # %

If using t-formulae method, must check that pi is not a solution. In this case,
marks were not attached to this step

Alternative method:

(sinB + cose)2 =1
4
sin” @ + 2sinBcosh + cos’ B =i
sin20 + 1 =1
4
sin20 = — 3
4

20 =1 + sin’ (i), 21 — sin™ (i), 31 + sin” (i) 41 — sin™ (i)
4 4 4 4

0 =1.995, 2.718, 5.136, 5.859
Check and eliminate
’ 0 = 1.995, 5.859

13c

=2+ 1°=J5
lv|=3
u .y =lully| cos

~

0+3=3J5—cosﬁ

1 . 2

cosf = — = sinh ==
N3 N3

X

* sin20 = 2sinBcosO = 2 =

2 1 4

= X —=—

NCRNCI
Marker’s comments:

e Show question, therefore all steps need to be shown. Solutions such
as one below, were not awarded full marks

3 marks for
correct solution

2 marks for
substantial
progress and
obtaining cosd

1 mark for
magnitude of
vectors




0= cos'l[Lj

J§
sin26 = sin| 2cos " 1i1=4
Jg 5

2
13d y2 = (2cosx — 1) = 4cos” x — 4cosx + 1 3 marks for
correct solution
Vv = ﬂfyz dx 2 marks for 1
integration
T
r3 , error only and
=T 4cos” x —4cosx + 1 dx correct
70 substitution
s 2 marks for
(3 1 correct
=m 4 X —1 + cos2x)—4cosx + 1 dx . .
Jo 2 integration of
T y/\z
(3
=T ) 3 + 2cos2x — 4cosx dx 1 mark for
0 correct
. expression for
=1 [3x + sin2x — 4sinx]j yA2
i . (2m (T
=1 m+sinf — |- 4sin| — |- (0 +0-0)
i 3 3
2 2
B - )
L 2
14a Base case: Let n=1 3 marks —

8" — 5" =8' — 5' = 3 which is a multiple of 3

S(k): Letitbe true for n = k
ie. 8" -5 =3m kM€ Z+(positive integers)
8 =3Mm+5" =

S(k+1):show true forn = k+1

RTP 8 5" =30@€ezh)
LHS = 8 x 8' —5F x 5!
=3M+5) x 8-5 x5 from*

—24M +3 x 5F
= 3(8M +5%) whichis divisible by3 as M, k € Z~

correct solution

2 marks — uses
inductive step

1 mark — proves
true for base
case




14b

Let tan'l(-3) =0
tan 6 = -3
tan is negative in Q2 and Q4

J(Q4me1)

however the range of tan”'x is |: — g,g
so 0 is n Q4 (where cosf > 0)
1

SO cosf = — 1
J10 3

hence cos(tan'1 (-3)) =

—]| —
(@]

1
Markers Note — Many students answered +—— achieving one mark only

Jio

. . . -1
as the negative answer is outside the range of tan x

2 marks —
correct solution

1 mark -
Identifies
correct
quadrant, or
gives g2
answer.

14ci (ii_m = mass rate of salt pumped into the tank - mass rate of salt pumped out of the 1 mark -clearly
tarfk demonstrated
= concentration pumped in (in kg/L) x volume rate pumped in (in L/min) -
concentration pumped out (in kg/L) x volume rate pumped out (in L/min)
—0x20— —— x15
tank
~ —15m
Viank
_ —15m
200 + 5t
_ —3m
40+t
14cii dm _ 3m 3 marks —
dt 40 +¢ correct solution
dm dt fully detailed
- = _3
m 40 +1 2 marks -
In[m| = -3In[40 +1] +¢ correct

In +3In(40 +¢) = ¢ canremove || as m and t are >0)

Inm +In(40 +1)° = ¢
In(m(40 +1)) = ¢
m(40 +1)° = ¢
m=%whereA = ¢
(40 +1)
when t = 0 m = 50
50 = -
40
A =50 x 40° = 3200000
3200000
o — 3200000

(40 + 1)’

integration and
some correct
simplification

1 mark —
separates
integral and
integrates
correctly




14ciii | Volume is increasing by 5L/min. Needs to increase by 300L to overflow. This | 2 marks —
will take 60 minutes. When t=60: correct solution
3200000
(40 + 60)3 1 rggrk—finds
t=
= 3.2kg
14di qlef—e " 3 marks -
f(x) = tan 3 correct solution
including
l(ex +e ™) showing
() = 2 factorising and
v -xV cancelling to
e —e .
1+ [TJ achieve
f'(x)=2g’(x)
1 _
z(ex +e )
L EeZ)c_ 7+ e—ZxJ
4 2 marks —
2(e" + e~ x) expands th(-:]
= % ox square on the
4+ (e -2+e™)) denominator
_ 2"t e D) ) correctly and
2+ X4 e some correct
) tidying up
2(ex + —XJ
_ e 1 mark -
- e 1 correctly
2+ e+ ; differentiates
N f(x)
2(e”” + eY) (no marks

- )

207 + M+ 1
20 + 1)
(e + 1)2
2¢e*
JE—
= 2g'(x)
&~ f'(x) = 2g'(x) as required

assigned for
finding g’(x))




14dii

f = ff'(x) dx

2fg'(x) dx (from (1))

= 2g(x)+ ¢
= 2tan'1(ex) + ¢

0
when x = 0 f(x) = tan'l(e ¢

2
£(0)=tan™'(0)= 0
. 2tan'1(eo) +c=0
2tan'1(1)+c=
2 x §+ c=0
TC
T2

and f(x) = 2g(x) - 5

)

1 mark —
correct solution
including using
initial
conditions to
correctly find
the value of c
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